Abstract: In this paper, we study an open problem; where we obtained several results for a Lyapunov-type and Hartman-Wintner-type inequalities for a Hadamard fractional di¤erential equation on a general interval [a; b]; (1 6 a < b) with the boundary value conditions.
introduction
The …rst result in this domain is due to Lyaponov [1] , can be stated as follows:
If a nontrivial continuous solution to the following boundary value problem 8 < : u 00 (t) + q(t)u (t) = 0; a < t < b;
u(a) = u (b) = 0; 
Recently, several articles from the inequality of Lyapunov have been published about a di¤erential equations of the integer order and fractional order, see [5] [6] [7] [8] [9] [10] and references therein, for example:
The following result for the Riemann-Liouville fractional boundary value problem is found by D. O'Regan and B. Samet [4] 8 < :
R D u(t) + q(t)u (t) = 0; a < t < b; 3 < 6 4;
u(a) = u 0 (a) = u 00 (a) = u 00 (b) = 0; 
In [2] Qinghua, Chao and Jinxun established a Lyapunov-type inequality for a di¤erential equation that depands on the Hadamard fractional derivative, for the boundary value problem 8 < :
H D u(t) q(t)u (t) = 0; 1 < t < e; 1 < 6 2;
where q : [1; e] ! R is a continuous function.They proved that if a nontrivial continuous solution to the above problem, then H D u(t) q(t)u (t) = 0; 1 6 a < t < b; 1 < 6 2;
where H D is the Hadamard fractional derivative, and q : [a; b] ! R is a continuous function. In this paper we answered the previous question by using two methods, and also we get the Hartman-Wintner-type inequalities.
Preliminaries
De…nition 1 [3] Let a; b; 2 R + where a < b and n 1 < 6 n with n 2 N , The Hadamard fractional integral of ordre .for a function f 2
with is Gamma Euler function
where n 1 < 6 n with n 2 N Lemma 3 [3] Let 0 6 a < b and > 0 where n 1 < 6 n. and n 2 N The equation H D u(t) = 0 has as its solutions
and moreover
where c i 2 R; (i = 1; :::; n) are constants.
Lemma 4 Let A; B 2 R; we have
3 Main results
has equivalent to the fractional integral equation
where
s ; a 6 s 6 t 6 b;
s ; a 6 t 6 s 6 b:
with 1 6 a < b:
Proof. Using Lemma 3, we have
where c 1 ; c 2 2 R using the boundary condition u(a) = u(b) = 0 we get c 2 = 0 and
Substituting the values of c 1 and c 2 in (16), we obtain
the proof is complete
Lemma 6 The Green's function G de…ned in Lemma 5, has the following prop-
Proof. We start by …xing an arbitrary s 2 [a; b]: Di¤ erentiating G(t; s) with respect to t, we get For 1 6 a 6 t 6 s 6 b; we have
we obtain g 2 (s; s) 6 g 2 (t; s) 6 g 2 (a; s) = 0;
while for 1 6 a 6 s 6 t 6 b; we have 
So thus
Using 1 6 a 6 s 6 t 6 b we get
We obtain g 2 (s; s) 6 g 2 (t; s) 6 g 1 (t; s) 6 0;
hence G(t; s) 6 0 (29)
We prove of
we have G(s; s) = g 2 (s; s) = g 1 (s; s) 6 g 2 (t; s) 6 g 1 (t; s) 6 0. Using Lemma 4, we have
The proof is complete
We have the following Hartman-Wintner-type inequality.
Theorem 7
If a nontrivial continuous solution to the Hadamard fractional boundary value problem (7) existe, then 
We have the following Lyapunov-type inequality.
Theorem 9
If a nontrivial continuous solution to the Hadamard fractional boundary value problem (7) existe, then
We prove this theorem in two methods Proof. from the corollary 8, we have 
We have
by (39) and (40)
we substiting (41) into (36) we obtain
The proof is complete We de…ne the constants:
and
Lemma 10 The function G de…ned in Lemma 5, satis…e the following property
Proof. we have max 
we observe that f (a) = f (b) = 0: we have
where x = ln s: we get 8 > <
> :
we have
Also we have 
The proof is complete We have the following Lyapunov-type inequality.
Theorem 11 If a nontrivial continuous solution to the HFBVP (7) existe, then 
!1
